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2now be calculated intrinsic for any given asymptotically AdS or dS spacetime. The eÆciency of this approach has
been demonstrated in a broad range of examples for both the asymptotic AdS and dS spacetimes [20, 21, 24, 25, 26].
Recently, we have considered the eects of including I
ct
for quasilocal gravitational thermodynamics of Kerr, Kerr-
AdS and Kerr-dS black holes in which the region enclosed by @M was spatially nite. We have also performed a
quasilocal stability analysis and found phase behavior that was in commensurate with their previous analysis carried
out at innity [7, 27]. In this paper, we investigate the thermodynamic properties of the class of Kerr-Newman-dS black
holes in the context of both temporally innite and spatially nite boundaries with the boundary action supplemented
by I
ct
. With their lower degree of symmetry relative to spherically symmetric black holes, these spacetimes allow
for a more detailed study of the consequences of including I
ct
for temporally innite and spatially nite boundaries.
There are several reasons for considering this. First, one can obtain the thermodynamic quantities corresponding to
an asymptotically de Sitter spacetime within a xed radius, while there is no self-consistent thermodynamics for the
whole spacetime. Furthermore, the inclusion of I
ct
eliminates the embedding problem from consideration, whether or
not the temporary innite limit is taken, and so it is of interest to see what its impact is on quasilocal thermodynamics.
The outline of our paper is as follows. We review the basic formalism in Sec. II. In Sec. III we consider the Kerr-
Newman-dS
4
spacetime and compute the thermodynamic quantities associated to the cosmological horizon. Also we
give a generalized Smarr formula and investigate the rst law of thermodynamics for the cosmological event horizon.
In Sec. IV, we consider the quasilocal thermodynamics of Reissner-Nordstrum-dS spacetime, and perform a stability
analysis through the use of the determinant of Hessian matrix of the energy with respect to the entropy and the
charge. In Sec. V, we compute the determinant of Hessian matrix of the energy with respect to its thermodynamic
variables for Kerr-Newman-de Sitter black holes, numerically, and present our results graphically. We nish our paper
with some concluding remarks.
II. GENERAL FORMALISM
The gravitational action of four-dimensional asymptotically de Sitter spacetimes M, with boundary ÆM

in the







































is the electromagnetic tensor eld and A

is the vector potential. In Eq. (1)M is the bulk









. The rst term is the Einstein-Maxwell term with positive cosmological constant  = 3=l
2
,







indicates an integral over the late time boundary minus the integral over the early




respectively. In general, I
G
of Eq. (1) is divergent
when evaluated on the solutions at I

, as is the Hamiltonian and other associated conserved quantities. Rather than
eliminating these divergences by incorporating a reference term in the spacetime, a new term I
ct
is added to the action
which is a functional only of boundary curvature invariants [20, 22]. Although there may exist a very large number
of possible invariants, one could add only a nite number of them in a given dimension. Quantities such as energy,
mass, etc. can then be understood as intrinsically dened for a given spacetime, as opposed to being dened relative































indicates the sum of the integral over the early and
late time boundaries. Although other counterterms (of higher mass dimension) may be added to I
ct
, they will make
no contribution to the evaluation of the action or Hamiltonian due to the rate at which they decrease toward innity,
and we shall not consider them in our analysis here. It is worthwhile to mention that the inclusion of matter elds in
the gravitational action requires the addition of further counterterms when the dimension of the bulk is greater than
four. But since we consider the four-dimensional spacetimes, we don't need any additional counterterms [28].
Thorough discussion of the quasilocal formalism has been given elsewhere [14] and so we only briey recapitulate






3Using the Brown and York denition [14] one can construct a divergence-free stress-energy tensor from the total action





























































To obtain the boundary stress tensor, we should evaluate Eq. (4) at xed time and send time to innity. We will
suppress the + sign notation in T
+ab
in the rest of the paper. To compute the thermodynamic and conserved quantities
of the spacetime, one should write the metric 
ab



























where the coordinates 
i
are the angular variables parameterizing the closed surfaces around an origin. Then the

















is the unit normal vector on a surface of xed  and  is the determinant of the metric 
ij
. If the boundary
of the spacetime has an isometry generated by a Killing vector 
a

















Since all the asymptotic de Sitter spacetimes have an asymptotic isometry generated by @=@t, there is a notion of a















We compute the quantities of Eqs. (8) on a surface of xed time and then send time to innity so that it approaches
the spacetime boundary at I

. Indeed, for r greater than the radius of the cosmological horizon t is a spatial direction,
while r will become a temporal coordinate. Thus, the large r surfaces approach I

, and since we purpose to dene
the stress tensor, and the mass at I

, we will evaluate these quantities on the surface of large r.















can be regarded as a conserved angular momentum associated with the surface B. Many authors have used the
counterterm method for various asymptotic de Sitter spacetimes and computed the associated conserved charges
[20, 21, 22]. We shall also study the implications of including the counterterms (2) for Reissner-Nordstrom-dS and
Kerr-Newman-dS black holes in spatially nite region.






















































































































For q = 0, the metric (10) and (11) is Kerr-dS
4
spacetime (or Kerr spacetime if l ! 1), and for a = 0 the metric
is Reissner Nordstrom-dS
4
spacetime, which has zero angular momentum. Here the parameters m, a, and q are
associated with the mass, the angular momentum and the charge of the spacetime, respectively. The metric of Eqs.






, provided the parameters m, l, a, and q are chosen suitably.












 0, and m should lie in the
range between m
1crit






















































































































are equal and we have an extreme black hole. For the
case in which m = m
2crit
, the radii of event and cosmological horizons are equal and we have a critical hole. Also,



























is the positive real solution
of Eq. (13). When l = l
crit
, we have a critical hole. Also the positive real solution of Eq. (13) for a gives the critical
value of a (upper bound for a) for which the hole is extremal. The two real solutions of Eq. (13) for q determine the
lower and upper bounds of q which belong to the critical and extremal black hole, respectively.
Since the temperature associated to the event or cosmological horizons have dierent values for asymptotic de
Sitter spacetimes one should use a local description of the thermodynamics of the black hole. In the remain of this
section we investigate the thermodynamics associated to the cosmological horizon and in the next section we go to
the thermodynamic quantities associated to the spacetime within an arbitrary surface with xed radius r.




yields the Euclidean section, whose
regularity at r = r
c
requires that we should identify    + 
c






 are the inverse






























































As we discussed in Sec. II, one can compute the nite action through the use of boundary counterterms for a xed




































are the radius and the inverse of the Hawking temperature of the cosmological event horizon. The






5It is worthwhile to note that as a and q go to zero, the action and mass given by Eqs. (17) and (18) reduce to those
of Schwarzschild-dS black hole obtained in [20]. The total angular momentum can be computed through the use of
Eq. (9) for a boundary with nite radius, r
+
< r < r
c







We now obtain the mass as a function of the extensive quantities S, J and Q, where Q dened as q=. Using the




) = 0, one







































It is worthwhile to mention that the analytic continuation l ! il Wick rotates the above Smarr formula to the Smarr
formula of the Kerr-Newman-AdS black hole given in Ref. [29] Now, one may regard the parameters S, J and Q as
a complete set of extensive parameters for the mass M (S; J;Q) and dene the intensive parameters conjugate to S,





















It is a matter of straightforward calculation to show that the temperature calculated from Eq. (21) coincides with
















It is worthwhile to note that the thermodynamic quantities calculated in this section satisfy the rst law of thermo-
dynamics,
dM = TdS + 
dJ +dQ: (23)
IV. THE QUASILOCAL THERMODYNAMICS OF REISSNER-NORDSTROM-DS
4
BLACK HOLE
First we investigate the quasilocal thermodynamics of non-rotating case in which all the thermodynamic quantities
































)=4 for the entropy of the event horizon, one can
write E as a function of thermodynamic quantities S and Q. Now identifying the energy (24) as the thermodynamic
internal energy for the Reissner-Nordstrom-dS black hole within the boundary r, then the corresponding temperature
and electrostatic potential at the boundary with xed radius r
+













































































The rst factor in the above expressions is the inverse of the lapse function for Reissner-Nordstrom-dS
4
metric
evaluated at r, and is the Tolman redshift factor for temperature in a static gravitational eld [36]. The second
factors in Eq. (25) and (26)are the surface gravity (
H
) of the black hole divided by 2, and the electrostatic
potential of the hole relative to electrostatic potential at r. Therefore as in the case of Schwarzschild-AdS and
Reissner-Nordstrom-AdS black holes [31, 32] the temperature corresponding to the spacetime within the surface of
xed r is the product of 
H
=2 and the redshift factor. Note that the term due to the counterterm does not aect
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(dashed) versus m for l = 1, a = 0 and q = 0:2.
A. Stability analysis in the canonical and the grand canonical ensemble
The local stability analysis in any ensemble can in principle be carried out by nding the determinant of the Hessian














's are the thermodynamic







[33]. Also, one can perform the stability analysis through the use of the determinant of Hessian matrix of the energy














The number of the thermodynamic variables depends on the ensemble which is used. In the canonical ensemble,






is suÆcient to assure





















































































at a = 0. Note that 
0






goes to innity as r
approaches to the radius of event or cosmological horizon. we set the radius of the boundary equal to r = 0:5. For a
given l and a xed value of r in the range r
+
< r < r
c
, Eq. (27) has two real solutions for r
+
, which shows that there
exist two stable phases separated by an unstable intermediate mass phase. This is not true for the case of uncharged
hole for which Eq. (27) has a single real solution (see Fig. 1).
In the grand-canonical ensemble, the stability analysis can be carried out by calculating the determinant of Hessian























































































7Again note that the determinant of Hessian matrix goes to innity as r goes to the radius of event or cosmological
horizon. Since the number of thermodynamic variables in the canonical ensemble is more than that of the grand-







and the determinant of the Hessian matrix as a function of the event horizon radius r
+
.
V. THE STABILITY ANALYSIS OF THE KERR-NEWMAN-DS
4
BLACK HOLE
Now we turn to the quasilocal thermodynamics of Kerr-Newman-dS
4
black hole. The energy of the system can be
calculated through the use of Eq. (6) where the boundary B is a two dimensional surface with xed radial coordinate
r
+
< r < r
c
. This energy can be identify as the thermodynamic internal energy for the Kerr-Newman-dS spacetime
within the boundary r.
It is notable to say that the total angular momentum calculated by Eq. (9) does not depend on the radius of the
boundary surface and it is equal to the value given in Eq. (19). Now using Eq. (19) for the angular momentum, and





)=4 for the charge and the entropy, one can obtain the metric parameters




















































































With these expressions for a, m and q, we can write E as a function of thermodynamic quantities S, J and Q, and
regard E(S; J;Q) as the thermodynamic internal energy for the Kerr-Newman-dS black hole within the boundary
with radius r. In the canonical ensemble, the charge and angular momentum are xed parameters, and for this






is suÆcient to assure the local stability. For general values of the metric
parameters, however, we cannot analytically calculate the internal energy as a function of S, J and Q, and so we
resort to numerical integration. To do this, we nd " in Eq. (6)as a function of S, J and Q, calculate the derivative
of "(S; J;Q) and then compute the integration numerically. We set the radius of the boundary equal to r = 0:56, and
we apply the restrictions discussed in Sec. III on the parameters l, m, a and q. Note that for r = 0:56, each of these
parameters has two critical values, one due to the extreme Kerr-Newman-dS black hole and the other due to the case
in which this radius is equal to the radii of event and cosmological horizons.






shows that for a given value of a and a large value of
q, only a stable phase exists for all the allowed values of m (m
1crit
 m  m
2crit
), but as q decreases it begins to







small q and dierent values of a. It points out that there exists an unstable phase, between two stable phases, which






. They show that for
large values of m and q the hole is stable while for large m and small q, there exist two stable phases separated by an
unstable intermediate angular momentum phase. Also note that for small and intermediate q or m, the low angular







shows that for a large value of m and a there exists only a stable phase, but it begin to appear
an unstable phase as a decreases. We also nd that for small a and intermediate m the black holes with small q






goes to innity as the
hole approaches its extreme case and therefore the nearly extreme black hole is stable in the canonical ensemble.
This stability analysis is in qualitative agreement with that of Davies [35], who performed a thorough analysis of the
thermodynamic properties of asymptotic Kerr-Newman-dS black holes. However, he used the ADM mass parameters,
whereas we are considering the quasilocal energy E in Eq. (6) as a function of r, S, J and Q.
In the grand-canonical ensemble, the thermodynamic variables are the entropy, the charge and the angular momen-
tum. The determinant of the Hessian matrix can be calculated numerically. Some typical results of these calculations
are displayed in Figs. 9-12. As one can see from Fig. 9 which shows the m dependence of the determinant of Hessian
matrix, for a given value of a and large values of q, the hole is stable, but for small values of q, only the extreme case
is stable. The q dependence of the determinant of the Hessian matrix are shown in Figs. 10 and 11. Figure 10 shows
that for large values of m and a we encounter with a single stable phase, while for large m and small a the only stable
phase is the nearly extremal hole. We also nd that for small a the hole is stable for large m and unstable for small
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FIG. 12: Determinant of Hessian matrix versus a for l = 1, m = 0:2, q = 0:15 (dotted), and 0:1 (solid).
of Hessian matrix (Fig. 12) shows that for large values of m, when q is large the only stable phase is the nearly
extreme hole, but as q decreases a stable low angular momentum phase will appear. The comparison of the gures of
the canonical and grand-canonical ensemble shows that the region of stability is smaller in the latter case as stated
before, and there are cases that even the extreme hole is not stable in the grand-canonical ensemble.
VI. CLOSING REMARKS
In this paper, we used the counterterm method to calculate the conserved quantities and the Euclidean action of
the four-dimensional Kerr-Newman-dS black hole. Also we obtained a generalized Smarr formula for the mass as a
function of the entropy, the angular momentum and the electric charge and showed that these quantities satisfy the
rst law of thermodynamics associated to the cosmological horizon. Since there is no well-dened thermodynamics for
the asymptotically de Sitter black holes, a local investigation of the thermodynamics is necessary. Our investigation of
the boundary-induced counterterm prescription (2) at nite distances has allowed us to obtain a number of interesting
results, which we recapitulate here.
We were able to compute the quasilocal energy, the temperature, and the Hessian matrix of the energy with respect
to S and Q for arbitrary values of the parameters of the Reissner-Nordstom-dS black hole analytically. We found
that the temperature at xed r is the product of 
H
=2 and the redshift factor. We perform a stability analysis both
in the canonical and grand-canonical ensemble, and obtained a complete phase diagrams. We found that at a xed
value of r there exists two stable phases separated by an unstable phase with intermediate mass value. That is, charge
causes the low mass black hole to be stable, a fact which is not true for the Schwarzschild-dS black holes.
We also computed the determinant of Hessian matrix, quasilocally, for arbitrary values of the parameters of the
Kerr-Newman-dS
4
solution, apart from the mild reality restrictions considered in Sec. III. These quasilocal quantities
are intrinsically calculable numerically at xed r without any reference to a background spacetime. By nding the
parameters a, m and q in terms of the thermodynamic quantities S, J and Q, we regarded the interior of the quasilocal
surface as a thermodynamic system whose energy E is a function of S, J and Q. We studied the stability of the Kerr-
Newman-dS black hole both in the canonical and grand-canonical ensembles. Thereby we encountered an interesting
phase structure. We found that in the canonical ensemble the extreme black hole is stable for all the allowed values of
the metric parameters while this is not true in the grand-canonical ensemble. The stability analysis in the canonical
11
ensemble yielded results that are in qualitative agreement with previous investigations carried out by using the ADM
mass parameter [35]. This stability analysis is, of course local, and phase transitions to other spacetimes of lower free
energy might exist.
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